Vacuum multidimensional cosmological models with internal spaces being compact n-dimensional Lie group manifolds are considered. Products of 3-spheres and SU (3) manifold (a novelty in cosmology) are studied. It turns out that the dynamical evolution of the internal space drives an accelerated expansion of the external world (power law inflation). This generic solution (attractor in a phase space) is determined by the Lie group space without any fine tuning or arbitrary inflaton potentials. Matter in the four dimensions appears in the form of a number of scalar fields representing anisotropic scale factors for the internal space. Along the attractor solution the volume of the internal space grows logarithmically in time. This simple and natural model should be completed by mechanisms terminating the inflationary evolution and transforming the geometric scalar fields into ordinary particles.
The cosmological evolution of the universe must be driven by some kind of matter. If the large scale geometry of our spacetime is described by isotropic Friedmann-Lemaître-RobertsonWalker (FLRW) models, as they best fit to the observational data, the galactic matter (and other, yet undetected, forms of matter) cannot be viewed as test particles but as a selfgravitating fluid. In fact, the vacuum FLRW models are either inconsistent (spatially closed models) with Einstein field equations without cosmological constant or merely describe flat
Minkowski space (open and flat models). In the early universe its self-gravitating contents form a structureless plasma of all elementary particles present in the standard model (and possible exotic particles beyond the model) and the evolution rate and physical processes occurring in a given era depend on which particle species dominates.
It is widely believed that the standard physical cosmology should be modified in the earliest eras by the concept of inflationary evolution [1] . Inflationary (i.e. accelerated) expansion is possible due to the existence of large negative pressure in the gravitating source, therefore it cannot be driven by a relativistic gas of the particles in thermal equilibrium. Only scalar fields can provide negative pressure. However the Higgs scalar of the standard model is inappropriate to this aim. It is necessary to introduce ad hoc a special inflaton field playing otherwise no role in particle physics and this is why there have been proposed so many mechanisms of inflation, none of which is well grounded in fundamental physics.
Scalar fields appear in a natural way in higher-dimensional physics. Yet it is rather little known what particles live in higher dimensions. It is therefore interesting to assume that the primordial universe was d = 4 + n-dimensional anisotropic and empty. All its spatial dimensions evolved as being dynamical degrees of freedom under influence of vacuum gravity.
The total spacetime was split into a product of four-dimensional spacetime M named "external space" (which has then evolved into the world we see around us) and an n-dimensional closed space B ("internal space") with a Riemanian metric. The splitting allows for performing dynamical reduction of the full theory to the low-energy physics occurring in the external space M; the extra dimensions forming the internal space provide then a number of scalar fields in M and this "matter" of geometrical origin acts as a source for 4-dimensional gravity. We find this model as natural, simple and elegant. It is conceivable that the geometrical matter is later turned in some process into ordinary particles of the standard model. We shall not address here the latter problem.
In this letter we present results of qualitative analysis of cosmological evolution of the external space which is driven by n scalar fields representing anisotropic evolution of n internal dimensions. We are interested both in isotropization process of these dimensions and in possible inflation of the ordinary 3 external dimensions. We find as a general rule that initial anisotropy of the internal space diminishes in time and for some cases vanishes at all.
Inflationary solutions are also generic (attractor solutions) and are usually associated with a mild, acceptable growth of the internal space. Yet the graceful exit problem remains open.
The total spacetime P is taken as a "warped" metric product [2] 
and dim B = n. In general the internal space B can evolve anisotropically since its metric can depend on the external coordinates x µ , µ = 0, . . . , 3. The components of the metric thus generate 1 2 n(n + 1) scalar fields in M. As B we choose a compact Lie group manifold with a diagonal metric (giving rise to n scalars).
The metric tensor for P is then
where
. . , n, is a metric on B in a right-invariant vector basis.
h ab must be independent of internal coordinates y a . Here φ a are the relative anisotropic deformation factors subject to the linear constraint n a=1 φ a = 0; Le F is the mean radius of the internal space and F is the dilaton field. Note that the physical metric field for M is g αβ and notĝ αβ = e −nF g αβ , as required by the fact that we have used the warped metric product (see for details, [3] , cf. also [4, 5, 6] ).
Since we assume Einstein gravity in the vacuum total spacetime, the action is
the presence of a (positive) cosmological constant is essential for our analysis. Although the fields F and φ a have direct geometrical meaning, after dimensional reduction they give rise to non-standard kinetic terms in the effective action. In order to give the action the standard form one makes linear transformations to new fields,
A ai ψ i with α, q and A ai appropriately chosen constants. Then
where R(g) is the curvature scalar for g αβ (x), Λ 4 ≡ 2Λ/(n + 2) > 0 and
is an effective potential generated by the curvature scalar R B (ψ) of the internal space. Here β ≡ 2n/(n + 2) = n/α = 2/γ and µ ≡ β 2 /2R 0 with R 0 ≡ R(φ a = 0). The physical system in four dimensions consists of the metric g µν and the "geometric matter": the dilaton P and n − 1 independent deformation factors ψ i , i = 1, . . . , n − 1. The field equations take on then the standard form
with
It is clear that the effective potential V (P, ψ) fully characterizes the dynamics of the system and in the following we will discuss qualitative behaviour of the system employing the potential instead of searching for exact solutions eqs. (5)- (6).
It turns out that Einstein field equations in d dimensions are compatible with the metric (1) only if the Ricci tensor for h ab on B is diagonal. This condition for compact non-abelian
Lie groups with diagonal metrics holds e.g. for the SU(3) space and products of 3-spaces (and is trivially satisfied for the abelian flat group space, n-torus).
Consider first the SU(3) group manifold. Although it has no direct geometrical interpretation, its significance for particle physics makes it an interesting model for the higherdimensional theory. As far as we know this space has never been investigated in this context nor in cosmology. Requiring the Ricci tensor for SU(3) to be diagonal and taking into account the constraint a φ a = 0 one finds that there are at most five independent deformation factors ψ i (n = 8). For the external spacetime metric we take the simplest case -flat FLRW model.
Even then generic dynamical system with the six scalar fields is intractable. Fortunately, additional symmetries of the system can be used to simplify the problem and it turns out that the most symmetric case already contains all the relevant features of the whole system and thus there is no loss of generality in studying it.
The most symmetric SU(3) case, compatible with the field equations, is φ 1 = φ 2 = φ 3 and
In terms of ψ's these read:
and ψ 6 = 2/7 ψ 3 . There are only three independent scalar fields: P , ψ 3 and ψ 7 . The system (5)-(6) has a unique stationary point P = ψ 3 = ψ 7 = 0 (= φ a ) around which the linearized eqs. (6) are
From the trace of the Einstein equations it follows that in full generalityḢ < 0; thus, if initially H < 0, the system can only evolve towards the physical singularity H → −∞.
Remembering that in the FLRW metric 2P = −(P +3HṖ ), a negative, and large in modulus,
H is equivalent to the presence of an anti-friction force acting on the fields, that makes unstable any equilibrium point.
The phase space (P,Ṗ ) is illustrated in Fig. 1 It is of relevant importance that also the attractor trajectory in Fig. 1 has the same properties. Its analytic expression can be found by looking for solution of the formṖ = Ae mP in the limit P → +∞. Under condition ψ 3 = ψ 7 =ψ 3 =ψ 7 = 0 (the condition is always met asymptotically when H > 0 since it turns out to be a stable focus point of the linear system (9)- (10)) and inserting the trial solution in the field equation (5)- (6) one finds that the evolution of the scale factor a(t) for flat FLRW universe is
, and
, where t 0 is an integration constant, and a 0 = a(t 0 ), P 0 = P (t 0 ). In the present case (n = 8), along the attractor, the physical evolution of the system is described by the leading terms (at
where t i = (−mAe mP 0 ) −1 and a 0 = 1. This is an inflationary stage, though of a rather mild kind (power law inflation), see Fig. 3 .
To summarize the SU(3) case, it is possible to have power law inflation with the scalars ψ 3 and ψ 7 dissipating their kinetic energy on the plateau of their effective potential, but then the mean volume (proportional to e nF ) of the internal space increases. In fact, there exists in the phase space an attractor solution along which the leading-term evolution is given by (12).
The logarithmic growth of P (or F ) seems rather slow but actually it is not slow enough to have a negligible effect on physics in our external world. Primordial nucleosynthesis is very stringent in this respect [1] : the ratio of the values of the radius b(t) of the internal space at the nucleosynthesis epoch (b = b N at t = t N ) and today (b = b 0 at t = t now ) is constrained by
One finds ln(t N /t now ) = −34.54, for t N ≈ 10 2 sec and t now ≈ 10 17 sec, thus the solution does not meet the constraint, and the internal space evolves far too rapidly. Furthermore, the fact that the power law inflation corresponds to the asymptotic attractor of the phase space means that the universe never stops inflating and never enters the hadron dominated era. Thus the geometrical inflation from the extra dimensions encounters the graceful exit problem and the latter should be solved by an independent physical mechanism (e.g. inserting a counterterm in the dilaton potential).
Although the nucleosynthesis constraint excludes the solution (12), it is worth noticing that the growth of the radius of the internal space needs not make it observable at the end of inflationary epoch. Assuming traditionally [7] that satisfactory inflationary evolution corresponds to N = 60 e-foldings, N = ln(a final /a initial ), one finds from (12) N = p ln (t final /t initial ) and the growth of the extra dimensions is
Unless b initial is many orders of magnitude larger than the Planck length, it remains unobservable after 60 e-foldings of the inflationary evolution. The duration of the inflationary era is t final /t initial = e 48 ≈ 10 21 , an acceptable value provided inflation starts soon after the Planck era.
As the second case one takes the internal space as being either isometric to a "squashed" 3-sphere or the product of two spheres, B = S 3 × S 3 .
The common feature of all the models we have considered is that all the subspaces whose product composes the internal space isotropize separately. For instance, if B is the product of N three-spheres, n = 3N, then each sphere isotropizes while the scale factors for different spheres will diverge in general. The divergence is due to the constraint a φ a = 0; it is easily seen in the case of N − 1 spheres having equal scale factors, φ a = φ for a = 1, . . . , n − 3 and φ a ≡ −(N − 1)φ for a = n − 2, n − 1, n, then the last sphere evolves in the apposite direction to the others. Thus the internal space remains anisotropic although the degree of anisotropy decreases.
The effective potential V (P, φ) is now unbounded from below and has a global maximum at P = φ a = 0, the extremum point belongs to the constraint hypersurface. The qualitative features of the evolution can be summarized as follows: a) for a single sphere, the axially symmetric (oblate) and isotropic configurations are energetically favourable; however the process of symmetrization and the dilaton expansion or contraction occurs with similar time scales; b) if the initial conditions for P are such that first an inflationary phase occurs, i.e. if P starts near P = 0 with negligible velocity, then the duration of the phase is not increased by anisotropic initial conditions; c) for the product of two or more spheres each of them evolves towards the "round" sphere with different radius (see above); d) in addition to the singular solutions H → −∞, there are always generic solutions exhibiting the power law inflation in four dimensions, H = p/t, p > 1, corresponding to an attractor trajectory in the phase space (P,Ṗ ).
Since any initial anisotropy of each 3-sphere tends to vanish (Fig. 4) , let us consider the case of a single isotropic sphere. Using the same method as in the SU(3) case one finds an attractor solution in the limit P → +∞ (Fig. 5) . The leading terms in the solution (11) are, now, a(t) ∼ t 5/3 and P ≈ 10 3 ln t.
The external world expands even faster than in the case of SU (3) space, therefore the sufficient inflation, N = 60 e-foldings, is achieved in a shorter time, t final /t initial ≈ e N/p ≈ e 36 ≈ 10 15 .
Also the internal space expands faster and in this inflationary period its growth is
an acceptable factor. Once again the nuclesynthesis constraint excludes this attractor solution as incompatible with observations: the constraint (13) is replaced by
and the latter cannot be satisfied, unless an exit mechanism is provided.
Finally, we compare our results with a recent work by Levin [8] . The difference is that
Levin does not use the conformal factor e −nF to construct the physical metric field in four dimensions and the internal space in that work is a multidimensional torus. The comparison clearly shows the impact of the factor and of the curvature of B on the evolution of the external world. While we assume that (M, g) is the physical spacetime, Levin takes (M,ĝ)
withĝ αβ = e −nF g αβ . The radius of the internal space is defined in the same way here and in [8] , b =b = e F (L = 1 for simplicity). If g αβ is the metric of flat FLRW spacetime than the cosmic scale factors are related bŷ
In the case of flat n-torus there is no effective potential and the evolution ofâ is driven solely by the time derivatives of the scalar field b ("kinetic inflation"). Assuming Λ = 0 it was found that [8] 
where c 1 , c 2 and τ 0 are constants and τ is the proper time for the metricĝ αβ related by a conformal transformation to the proper time t for g αβ ,
This is an accelerating ("inflationary") solution, starting from a regular state at τ = 0 and evolving towards a future singularity in b(τ ) at τ 0 . In terms of (M, g) viewed as the physical spacetime, this solution has a quite different interpretation. It can be obtained as a solution to (5) and (6) for Λ = V (P, ψ) = ψ i = 0, i = 1, . . . , n. Then it reads a = c 3 (t − t) 1/3 and P = 2 3 ln(t − t)
with constant c 3 andt. One can easily check that (19) and (21) are related via transformations (18) and (20). Now expansion has turned into contraction and a future singularity appears also in four dimensions. There exists also a slowly growing solution [8] ,â ∝ τ r with 0 < r < 1;
in the metric g αβ it corresponds to a ∝ t q with 0 < q < 1. Since in our opinion the physical metric is g αβ and not the conformally relatedĝ αβ [3, 4, 5, 6] , we conclude that in the model with flat internal space and vanishing cosmological constant, an inflationary evolution of the external world is not present.
It is worth noticing, however, that the contracting solution (21) is accelerating (ȧ < 0 and a < 0), i.e., it represents deflation. Recently it was shown [9] that deflation may also solve the horizon, flatness and amplification of perturbation problems of the big-bang cosmology.
In this sense, also the toroidal internal space can be considered among the viable models of the primordial universe.
In conclusion, anisotropic or isotropic cosmological evolution driven by the curvature in the higher internal dimensions turns out to be generically of the form of power law inflation.
The essential ingredients are a curved internal space (this was shown for the case of SU (3) group manifold and 3-spheres) and a positive cosmological constant. There is no matter in the multidimensional world and gravity is the only interaction. Matter appears only after dimensional reduction in the form of self-interacting scalar fields of geometrical origin. This approach allows one to avoid introducing ad hoc matter and an inflaton field. The dynamics of the four-dimensional world is entirely determined by geometry of the internal space. The inflationary epoch (attractor solution) is long enough to solve the horizon and flatness problems of the standard cosmology. The power-law inflation must be terminated by an unknown mechanism (the graceful exit problem). Furthermore, this or another mechanism should stabilize the internal space at sufficiently small size (the growth of the space should be stopped approximately simultaneously with the end of the inflationary epoch) and turn the scalar fields into ordinary elementary particles. These mechanisms are beyond our model. Nevertheless it is interesting to find purely geometrical inflation without matter, fine-tuning and special potentials.
Details of all the calculations will be published elsewhere [10] .
4. In the S 3 internal space, complete isotropy is quickly achieved. (4a) The initial degree of anisotropy, measured by ψ 2 = 0, in a comparison to P , is quickly swept away. (4b) The corresponding runs of H overlap for most of the inflationary stage, i.e. for large a and P , when H is almost constant. Note also the plateau at a ≥ 1; a larger initial anisotropy does not improve the expansion that results to be of only a couple of e-foldings.
5. The phase-space (in Poincaré projection) of the dilaton P , in the S 3 case. In this case also there is an attractor trajectory P → +∞,Ṗ → 0. Along it, a ∝ t p , with p ≈ 1.67, and again we are in presence of a power law inflation.
